Abstract-The magnetization property in a cylindrical superconductor exposed to an external pulsed magnetic field is numerically evaluated by means of the energy minimization. In order to estimate an increase in magnetic energy due to a current induction, the cross section of the superconductor perpendicular to the azimuthal direction is divided into a lot of tiny rectangular cells and all the inductances in the coaxial circular coils are calculated by summing up an interlinkage magnetic flux derived from the distribution of a vector potential. The interaction between the induced current and the external field is also taken into account in the numerical procedure. The influences of the histories of flux penetration and the aspect ratios of cross section on final trapped magnetic fields are investigated toward an optimal design of a bulk superconductor magnet.
I. INTRODUCTION
T HERE are two major processes for the magnetization of a bulk superconductor material. One is a field cooling (FC) method, which requires a relatively large system to supply a stable magnetic field. The other is a pulsed field magnetization (PFM) method [1] , which can be realized inexpensively with a copper coil and a capacitor bank. In the latter technique, however, the magnitude of applied field has to be chosen carefully from both viewpoints of a temperature rise and a final trapped magnetic field in the superconductor [1] - [3] . In order to establish the optimized PFM technique, it can be informative to carry out numerical analyses as well as experimental evaluation. Although it is important to consider the behaviors of magnetic field and temperature inside the superconductor simultaneously, fundamental understanding of only the electromagnetic response is also very helpful.
Up to now, the magnetic properties in superconducting cylinders with finite thickness have been investigated numerically for the application of an external magnetic field, and the current Manuscript received August 27, 2007. K. Kajikawa profile and the magnetization have been obtained successfully by evaluating the penetration of magnetic flux into the superconductor based on the minimization of magnetic energy [4] .
The critical state models [5] , [6] have been assumed there, and additionally it has also been important to estimate inductances for accurate evaluation of the flux penetration process. Furthermore, such a numerical procedure has been extended to infinitely long superconductors carrying a transport current or exposed to an external transverse magnetic field to evaluate the AC losses [7] - [10] . In a series of these studies, the geometrical effects on the losses have been clarified in detail.
In this paper, the magnetization property in a cylindrical superconductor exposed to the external pulsed magnetic field is evaluated with both a theoretical consideration and a numerical analysis. Maximum potentialities available as a bulk magnet are discussed theoretically under the assumption of the Bean model [5] . The dependence of magnetization and maximum surface field on the pulsed field strength is also calculated numerically by means of the energy minimization [4] , [7] .
II. NUMERICAL CALCULATION OF INDUCTANCE
In order to simulate the penetration process of magnetic flux into a cylindrical superconductor with an energy minimization technique, a mutual inductance between arbitrary two coaxial circular coils with a rectangular cross section has to be estimated efficiently [4] . Therefore, a new calculation method for the mutual inductance is proposed here although another approach with analytical solutions has also become available recently [11] . A vector potential around an -th circular coil with the rectangular cross section has only an azimuthal component and its expression is analytically given with the cylindrical coordinate system as follows [12] :
where the functions for to 5 are represented by 
with . In these equations, is the inner radius of the -th coil, the outer radius, the -coordinate for the bottom, for the top, and the uniform current density over the cross section, which is given by the following expression for application of unit current requisite to the forthcoming evaluation of a mutual inductance: (7) where is the turn number of the -th coil. The mutual inductance can now be obtained by summing up an interlinkage magnetic flux into an additional -th coaxial coil as (8) In order to carry out the triple integrals numerically, the Gauss-Legendre quadrature [13] , which has an advantage of high algebraic accuracy, is used. Fig. 1 shows a typical example of the numerical results of self-and mutual-inductances in some coil models illustrated in the inset as a function of the quadrature order . The self-inductance is signified by . It is found that the proposed method enables us to estimate the inductances with a precision of about five digits if the quadrature order is fixed at 20.
III. THEORETICAL DISCUSSION
Potentialities for use of the cylindrical superconductor as a bulk magnet are theoretically discussed here before numer- ical calculations with the energy minimization. On the basis of Bean's critical state model [5] , in which the critical current density is independent of the magnitude of local magnetic field, the full penetration field in the superconductor with a radius and a half-thickness is given by . When the thickness asymptotically approaches infinity, the limit of the full penetration field, , exactly becomes . If the entire cross section of the superconductor is filled with same directed currents after applying a pulsed magnetic field, the axial field in the center of the top surface, , can be derived as . This is the upper limit that the induced current in the cylindrical superconductor can generate on its flat surface. In this case, the saturation magnetic moment and volume of the superconductor are given by and , respectively, so the saturation magnetization becomes . Let us introduce the aspect ratio of the superconductor cross section as . In order to evaluate the influence of the aspect ratio on the upper limit of surface magnetic field, it is normalized as follows: (9) where (10) In these equations, corresponds to the case where the superconductor volume is constant and the suppression of the production cost is taken into account, whereas is for the constant saturation magnetic moment and the effective utilization of a magnetic field in a place a little bit far from the superconductor is focused on. Moreover, it has to be pointed out that the application of an external field equal to the full penetration field is enough to magnetize the superconductor at the upper limit in the FC method. In the PFM method, on the other hand, twice the full penetration field is needed at least for realization of the upper limit if the temperature rise due to magnetic flux motion is ignored. Fig. 2 shows the theoretical results of the upper limits of surface magnetic fields in the cylindrical superconductor plotted for its aspect ratio. It can be seen that both the normalized upper limits have a maximum around the aspect ratio of three. 
IV. EVALUATION OF PULSED FIELD MAGNETIZATION
In order to evaluate the properties of magnetization in cylindrical superconductors with different aspect ratios, the penetration processes of magnetic flux into them are numerically simulated with the minimization of magnetic energy [4] , [7] . Let us assume the Bean model again. The cross section of the superconductor perpendicular to the azimuthal direction is divided into a lot of tiny square cells, and all the inductances in the obtained coaxial circular coils are numerically calculated as mentioned in a previous section. By using these inductances, the estimation of increase in magnetic energy for all possible current inductions in addition to a given distribution is tried in conjunction with an energy subtraction due to their interaction with an external applied field . And then, a pair of symmetric loops that yield the largest decrease of energy are selected to fix a new current profile. If the total energy cannot be decreased for any supplement of currents, the external field is slightly increased and the search of new loops for current induction is repeated until it becomes equal to the full penetration field. Fig. 3 shows an example of the numerical results of magnetic flux fronts in the initial magnetization process with the energy minimization.
It is well known that the distributions of current and magnetic field just after the application of an external pulsed field can be obtained easily by superposing only the results in the initial magnetization process under the assumption of the Bean model [4] , [7] , [14] . Fig. 4 shows the numerical results of final magnetization in the superconductors with different aspect ratios as a function of a peak of the external magnetic field, . It can be seen that the magnetization becomes large with increasing the aspect ratio. The distribution of axial magnetic field on the top surface of cylinder along the radial direction is plotted in Fig. 5 , where the position of its maximum moves from the edge to the center with increasing the peak field , as already shown by many experiments [1] . Such a property is also quite different from the results for the FC method. Fig. 6 shows the numerical results of the maximum surface fields available after applying the pulsed field to the superconductors with different aspect ratios. It is found that their upper limits are obtained as explained in Fig. 2 when the peak of pulsed field is larger than twice the full penetration field. In a wide range of the relatively small peak field, however, the maximum surface field for the superconductor with aspect ratio of ten becomes larger than the others. This means that realizing the optimum magnetization for use as a bulk magnet may be quite difficult. 
V. CONCLUSION
The properties of pulsed field magnetization in the cylindrical superconductors were theoretically and numerically evaluated from only the electromagnetic point of view. Although the theoretical consideration indicates that the superconductor with aspect ratio of about three has the most economical and efficient advantages for use as a magnet, the realization of magnetization with optimum condition seems to be very challenging. Since a temperature rise due to a heating originated by the irreversibility of magnetic flux penetration affects the final trapped magnetic field, especially in the range of large peak field [1] - [3] , further discussion will be needed for the evaluation of magnetization properties toward an optimal design of the bulk superconductor magnet.
